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Abstract
Following ideas of A’Campo-Neuen [Indag. Math. (N.S.) 5 (1994) 253–257], we construct linear
counterexamples to the fourteenth problem of Hilbert from non-linear counterexamples [D. Daigle,
G. Freudenburg, J. Algebra 221 (1999) 528–535; G. Freudenburg, Transform. Groups 5 (2000)
61–71].
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1. Introduction
In 1900, Hilbert [4] posed the following problem.
The Fourteenth Problem of Hilbert. Let k be a field and let k[n] be a polynomial ring
in n variables over k. Let k(n) be the quotient field of k[n]. Let L be a subfield of k(n)
containing k. Is L ∩ k[n] finitely generated as a k-algebra?
The fourteenth problem of Hilbert is a generalization of the following problem. It is a
fundamental question in invariant theory.
The Original Fourteenth Problem of Hilbert. Let k be a field and let G be an algebraic
group over k. Let ρ :G→ GLn(k) be a faithful linear representation of G. Hence G acts
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k-algebra?
The first counterexample to the original fourteenth problem was presented by Na-
gata [10] in 1958. The counterexample arises as a linear action of G13a × G15m on k[32],
where Gm (respectively Ga) is the multiplicative group (respectively the additive group)
of the field k. From this counterexample, Nagata [9] produced the second counterex-
ample (k[32])G13a to the original fourteenth problem. About thirty years after Nagata,
Roberts [12] presented a counterexample to the fourteenth problem which arises as a
non-linear Ga-action on k[7]. In 1994, A’Campo-Neuen [1] used Roberts’ counterexam-
ple to produce a linear counterexample in which the invariant subring is (k[19])G12a . In
1997, Steinberg [13] modified Nagata’s approach and obtained linear counterexamples
in which the smallest counterexample is a linear action of G6a on k[18]. In [5], Kojima
and Miyanishi generalized Roberts’ counterexample in higher dimension. Using an idea
similar to Roberts and utilizing polynomials of special forms which are invariant under a
given locally nilpotent derivation, Freudenburg [3] gave a counterexample which arises as
a non-linear Ga-action on k[5]. Specializing the coefficients of the derivation in Freuden-
burg’s counterexample, Daigle and Freudenburg [2] gave a counterexample which arises
as a non-linear Ga-action on k[5]. Recently Mukai [7,8] constructed linear counterexam-
ples by using the original idea of Nagata [9–11]. In the counterexamples by Mukai, there
is a G3a-action on k[18]; to date, this is the group of smallest dimension appearing in any
linear counterexample to the fourteenth problem of Hilbert. Since the invariant subring of
any linear Ga-action is finitely generated, due to Weitzenböck [14], only the case of linear
G2a-actions remains open. Mukai’s paper also includes a counterexample which arises as a
linear G4a-action on k[16], and at the time this was the affine space of smallest dimension
appearing in any linear counterexample to the fourteenth problem of Hilbert. Recently,
Kuroda [6] generalized Roberts’ counterexample.
In the present article, we shall construct a linear counterexample in which a group
G7a Ga acts linearly on k[13] such that the invariant subring (k[13])G
7
aGa is isomorphic
to a polynomial ring in one variable over the invariant subring appearing in the non-linear
counterexample due to Daigle and Freudenburg [2]. Furthermore, we shall construct a
linear counterexample in which a group G18a  Ga acts linearly on k[25] such that the
invariant subring (k[25])G18a Ga is isomorphic to a polynomial ring in one variable over the
invariant subring appearing in the non-linear counterexample due to Freudenburg [3].
2. Linear counterexamples
2.1. A linear counterexample constructed from Daigle and Freudenburg’s
counterexample
Let k be a field of characteristic 0. Let G be the set
{
(t,µ0,µ1,µ2,µ3,µ4,µ5,µ6) ∈ k8
}
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under the following multiplication
(t,µ0,µ1,µ2,µ3,µ4,µ5,µ6) ·
(
t ′,µ′0,µ
′
1,µ
′
2,µ
′
3,µ
′
4,µ
′
5,µ
′
6
)
:=
(
t + t ′,µ0 +µ′0,µ1 +µ′1,µ2 + tµ′1 +µ′2,µ3 +
1
2
t2µ′1 + tµ′2 +µ′3,
µ4 +µ′4,µ5 + tµ′4 +µ′5,µ6 +
1
2
t2µ′4 + tµ′5 +µ′6
)
.
The group G has the following structure.
Lemma 1. Let H be a subgroup {(t,0,0,0,0,0,0,0) ∈ G | t ∈ k} of G and let Gi
be a subgroup {(0, . . . ,0,µi,0, . . . ,0) ∈ G | µi ∈ k} of G for 0  i  6. Set N :=
{(0,µ0,µ1,µ2,µ3,µ4,µ5,µ6) ∈ G | µi ∈ k for 0  i  6}. Then H and Gi are
isomorphic to Ga for 0  i  6. Furthermore, N is a normal subgroup of G, N is
isomorphic to G7a and G is a split extension of H by N. Hence G is isomorphic to a
semidirect product G7a Ga .
Proof. It follows immediately from the definition of G. ✷
Let ρ :G → GL13(k) be a faithful linear representation of G which assigns to
(t,µ0,µ1,µ2,µ3,µ4,µ5,µ6) ∈G a matrix

1 0
0 1
µ4 t 1 0 0
µ5
1
2 t
2 t 1 0
µ6
1
6 t
3 1
2 t
2 t 1
−µ1 µ4 1 0 0
−µ2 µ5 t 1 0
−µ3 µ6 12 t2 t 1
0 µ1 1 0 0
0 µ2 t 1 0
0 µ3 12 t
2 t 1
µ0 t 1 0
0 µ0 0 1


where the undesignated blocks should be filled out by zeroes.
Let A := k[W,X,S1, T1,U1, S2, T2,U2, S3, T3,U3,V1,V2] be a polynomial ring in
thirteen variables over k. The group G acts on A naturally as linear transformations
via ρ. Namely a matrix ρ(t,µ0,µ1,µ2,µ3,µ4,µ5,µ6) acts from the left on a column
vector t (W,X,S1, T1,U1, S2, T2,U2, S3, T3,U3,V1,V2). Let R := k[X,S,T ,U,V ] be a
polynomial ring in five variables over k and let
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∂S
+ S ∂
∂T
+ T ∂
∂U
+X2 ∂
∂V
∈ Derk(R).
Daigle and Freudenburg [2] proved that Ker(D) is not finitely generated as a k-algebra.
One of our main result is stated as follows.
Theorem 2. The invariant subring AG is isomorphic to a polynomial ring in one variable
over Ker(D). Hence the invariant subring AG is not finitely generated as a k-algebra.
In order to prove Theorem 2, we note the following obvious lemmas.
Lemma 3. Let R be a commutative k-algebra and let B be a k-subalgebra of R. Let
∆ be a locally nilpotent derivation of R over k such that ∆(B) ⊂ B . Then we have
Ker(∆)∩B = Ker(∆|B), where ∆|B is the restriction of ∆ on B .
Lemma 4. Let R be a commutative k-algebra and let B be a finitely generated k-sub-
algebra of R. Let X1, . . . ,Xn be a set of generators of B over k. Let ∆ be a locally
nilpotent derivation of R over k such that ∆(Xi) ∈ B for all 1  i  n. Then we have
∆(B)⊂ B .
Since there is a bijection between Ga-actions on A and locally nilpotent derivations
on A, we define the following locally nilpotent derivations
∆ :=X ∂
∂S1
+ S1 ∂
∂T1
+ T1 ∂
∂U1
+ S2 ∂
∂T2
+ T2 ∂
∂U2
+ S3 ∂
∂T3
+ T3 ∂
∂U3
+X ∂
∂V1
,
∆0 :=X ∂
∂V2
+W ∂
∂V1
, ∆1 :=−W ∂
∂S2
+X ∂
∂S3
, ∆2 := −W ∂
∂T2
+X ∂
∂T3
,
∆3 :=−W ∂
∂U2
+X ∂
∂U3
, ∆4 :=X ∂
∂S2
+W ∂
∂S1
, ∆5 :=X ∂
∂T2
+W ∂
∂T1
,
∆6 :=X ∂
∂U2
+W ∂
∂U1
which correspond respectively to the actions of H and Gi , 0 i  6, where H and Gi act
on A through the action of G on A.
We shall prove Theorem 2. Since G is generated by the subgroups H and Gi
(0 i  6), we have AG = Ker(∆) ∩⋂6i=0 Ker(∆i). The kernel of ∆6 is the polynomial
ring in 12 variablesW,X,S1, T1, S2, T2,U :=XU1 −WU2, S3, T3,U3,V1,V2 over k. (For
a proof, see the lemma of A’Campo-Neuen [1].) By Lemma 4, ∆ and ∆i (0  i  5) are
derivations on k[12] = Ker(∆6). Furthermore, by using the variable U , we can represent
the restrictions of ∆ and ∆i (0 i  5) on Ker(∆6) as follows
∆=X ∂
∂S1
+ S1 ∂
∂T1
+ S2 ∂
∂T2
+ (XT1 −WT2) ∂
∂U
+ S3 ∂
∂T3
+ T3 ∂
∂U3
+X ∂
∂V1
,
∆0 =X ∂
∂V2
+W ∂
∂V1
, ∆1 =−W ∂
∂S2
+X ∂
∂S3
, ∆2 =−W ∂
∂T2
+X ∂
∂T3
,
∆3 =W 2 ∂ +X ∂ , ∆4 =X ∂ +W ∂ , ∆5 =X ∂ +W ∂ .
∂U ∂U3 ∂S2 ∂S1 ∂T2 ∂T1
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i  5. So, we have AG = Ker(∆|k[12]) ∩
⋂5
i=0 Ker(∆i |k[12]). Next consider ∆5 restricted
on Ker(∆6) = k[12]. Then Ker(∆5) is a polynomial ring k[11], on which ∆ and ∆i
(0  i  4) are locally nilpotent derivations. We argue as in the above case to show that
AG = Ker(∆|k[11]) ∩
⋂4
i=0 Ker(∆i |k[11]). We can repeat this step from ∆4 to ∆0 further
until AG = Ker(∆|k[6]), where k[6] = k[W,X,S,T ,U,V ], (S :=X2S1 −XWS2 −W 2S3,
T :=X2T1 −XWT2 −W 2T3, U :=X2U1 −XWU2 −W 2U3, V :=XV1 −WV2). Finally,
we represent the restriction of ∆ on k[6] as
∆=X3 ∂
∂S
+ S ∂
∂T
+ T ∂
∂U
+X2 ∂
∂V
.
This completes the proof.
2.2. A linear counterexample constructed from Freudenburg’s counterexample
Let k be a field of characteristic 0. Let R := k[X,Y,S,T ,U,V ] be a polynomial ring in
six variables over k and let
D :=X3 ∂
∂S
+ Y 3S ∂
∂T
+ Y 3T ∂
∂U
+X2Y 2 ∂
∂V
∈ Derk(R).
Freudenburg [3] proved that Ker(D) is not finitely generated as a k-algebra. From this
counterexample, we shall construct a linear counterexample. We shall define a noncom-
mutative unipotent algebraic group G and its faithful linear representation ρ.
Let G be the set{
(t,µ1,µ2,µ3,µ4,µ5,µ6,µ7,µ8,µ9, ν1, ν2, ν3, ν4, ν5, ν6, ν7, ν8, ν9) ∈ k19
}
consisting of 19-tuples of elements of k. Then G is a non-commutative unipotent group
under the following multiplication
(t,µ1,µ2,µ3,µ4,µ5,µ6,µ7,µ8,µ9, ν1, ν2, ν3, ν4, ν5, ν6, ν7, ν8, ν9)
· (t ′,µ′1,µ′2,µ′3,µ′4,µ′5,µ′6,µ′7,µ′8,µ′9, ν′1, ν′2, ν′3, ν′4, ν′5, ν′6, ν′7, ν′8, ν′9)
:=
(
t + t ′,µ1 +µ′1,µ2 +µ′2,µ3 +µ′3,µ4 +µ′4,µ5 +µ′5,µ6 +µ′6,µ7 +µ′7,µ8 +µ′8,
µ9 +µ′9, ν1 + tµ′4 + ν′1, ν2 + tµ′5 + ν′2, ν3 + tµ′6 + ν′3, ν4 + ν′4, ν5 + tν′4 + ν′5,
ν6 + 12 t
2ν′4 + tν′5 + ν′6, ν7 + ν′7, ν8 + tν′7 + ν′8, ν9 +
1
2
t2ν′7 + tν′8 + ν′9
)
.
The group G has the following structure.
Lemma 5. Let H be a subgroup{
(t,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)∈G | t ∈ k}
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Gi :=
{ {(0, . . . ,0,µi,0, . . . ,0) ∈G | µi ∈ k} if 1 i  9,
{(0, . . . ,0, νi−9,0, . . . ,0) ∈G | νi ∈ k} if 10 i  18.
Let N be the subgroup of G consisting of elements with t = 0. Then H and Gi are
isomorphic to Ga for 1  i  18. Furthermore, N is a normal subgroup of G, N is
isomorphic to G18a and G is a split extension of H by N. Hence G is isomorphic to a
semidirect product G18a Ga .
Proof. It follows immediately from the definition of G. ✷
Let ρ :G → GL25(k) be a faithful linear representation of G which assigns to
(t,µ1,µ2,µ3,µ4,µ5,µ6,µ7,µ8,µ9, ν1, ν2, ν3, ν4, ν5, ν6, ν7, ν8, ν9) ∈G a matrix


M11
M21 M22
M31 M33
M41 M44
M51 M55
M61 M66
M71 M77
M81 M88


where undesignated blocks should be filled out by zeroes, and
M11 :=
(1 0 0
0 1 0
0 0 1
)
, M21 :=

ν7 t 0ν8 12 t2 0
ν9
1
6 t
3 0

 , M22 :=
( 1 0 0
t 1 0
1
2 t
2 t 1
)
,
M31 :=
(−ν4 ν7 0
−ν5 ν8 0
−ν6 ν9 0
)
, M33 :=
( 1 0 0
t 1 0
1
2 t
2 t 1
)
, M41 :=
( 0 ν4 0
−µ6 ν5 0
−ν3 ν6 0
)
,
M44 :=
( 1 0 0
t 1 0
1
2 t
2 t 1
)
M51 :=
( 0 0 µ4
−µ3 0 ν1
0 0 µ1
)
, M55 :=
(1 0 0
t 1 0
0 0 1
)
,
M61 :=
(−µ4 0 µ5
−ν1 0 ν2
−µ1 0 µ2
)
, M66 :=
(1 0 0
t 1 0
0 0 1
)
, M71 :=
(−µ5 0 µ6
−ν2 0 ν3
−µ2 0 µ3
)
,
M77 :=
(1 0 0
t 1 0
0 0 1
)
, M81 :=


0 µ7 0
−µ7 µ8 0
−µ8 0 µ9

 , M88 :=


1 0 0 0
0 1 0 0
0 0 1 0

 .µ9 0 t 0 0 0 1
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V1,V2,V3,V4] be a polynomial ring in 25 variables over k. The group G acts on A nat-
urally as linear transformations via ρ. Namely a matrix ρ(t,µ1,µ2,µ3,µ4,µ5,µ6,µ7,
µ8,µ9, ν1, ν2, ν3, ν4, ν5, ν6, ν7, ν8, ν9) acts from the left on a column vector t (W,X,Y,S1,
T1,U1, S2, T2,U2, S3, T3,U3, S4, T4,U4, S5, T5,U5, S6, T6,U6,V1,V2,V3,V4). Our main
result is stated as follows.
Theorem 6. The invariant subring AG is isomorphic to a polynomial ring in one variable
over Ker(D). Hence the invariant subring AG is not finitely generated as a k-algebra.
Proof. Define the following locally nilpotent derivations
∆ :=X ∂
∂S1
+ S1 ∂
∂T1
+ T1 ∂
∂U1
+ S2 ∂
∂T2
+ T2 ∂
∂U2
+ S3 ∂
∂T3
+ T3 ∂
∂U3
+ S4 ∂
∂T4
+ S5 ∂
∂T5
+ S6 ∂
∂T6
+ Y ∂
∂V4
,
d1 := Y ∂
∂U4
−W ∂
∂U5
, d2 := Y ∂
∂U5
−W ∂
∂U6
, d3 := Y ∂
∂U6
−W ∂
∂T4
,
d4 := Y ∂
∂S4
−W ∂
∂S5
, d5 := Y ∂
∂S5
−W ∂
∂S6
, d6 := Y ∂
∂S6
−W ∂
∂T3
,
d7 :=X ∂
∂V1
−W ∂
∂V2
, d8 :=X ∂
∂V2
−W ∂
∂V3
, d9 := Y ∂
∂V3
+W ∂
∂V4
,
∆1 := Y ∂
∂T4
−W ∂
∂T5
, ∆2 := Y ∂
∂T5
−W ∂
∂T6
, ∆3 := Y ∂
∂T6
−W ∂
∂U3
,
∆4 :=X ∂
∂S3
−W ∂
∂S2
, ∆5 :=X ∂
∂T3
−W ∂
∂T2
, ∆6 :=X ∂
∂U3
−W ∂
∂U2
,
∆7 :=X ∂
∂S2
+W ∂
∂S1
, ∆8 :=X ∂
∂T2
+W ∂
∂T1
, ∆9 :=X ∂
∂U2
+W ∂
∂U1
,
which correspond respectively to the action of H and Gi , 1  i  18, where H and Gi
act on A through the action of G on A. Since G is generated by the subgroups H and Gi
(1 i  18), we have AG = Ker(∆)∩⋂9i=1 Ker(di)∩⋂9i=1 Ker(∆i).
Note that Ker(d9) is a polynomial ring in 24 variables. Restrict the derivations∆ and di
(1 i  9) and ∆i (1 i  9) on Kerd9. Using the 24 variables, represent the derivations
di (1 i  9) and ∆i (1 i  9) restricted on k[24].
Repeat this step in the following order d8, d7, ∆9, ∆8, ∆7, ∆6, ∆5, ∆4, ∆3, d6, ∆2, d5,
∆1, d4, d3, d2, d1. Namely, let d8 stand for the restriction on k[24] and calculate Ker(d8)
which turns out to be isomorphic to k[23]. Then represent the restrictions to k[23] of the
remaining derivations ∆ and di (1  i  7) and ∆i (1  i  9) in terms of 23 variables.
Proceeding exactly in the same fashion, we complete the proof. ✷
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